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A N  ANALYSIS  OF IMPERFECT RESOLUTION I N  THE CHROMATOGRAPHY 
OF PARTICLE SUSPENSIONS 

b y  

A. Husa in ,  A.E. Hamielec and  J. Vlachopou los  

Department o f  Chemical E n g i n e e r i n g  
McMaster U n i v e r s i t y ,  Hami l ton ,  Cntario 

ABSTRACT 

Here-in i s  r e p o r t e d  a g e n e r a l  method o f  c o r r e c t i o n  for 
i m p e r f e c t  r e s o l u t i o n  i n  t h e  c h r o m a t o g r a p h y  o f  p a r t i c l e  
s u s p e n s i o n s .  It overcomes most of t h e  l i m i t a t i o n s  o f  p r e v i o u s l y  
r e p o r t e d  methods .  A n o n - l i n e a r  p a r t i c l e  d i a m e t e r  - r e t e n t i o n  
volume c a l i b r a t i o n  c u r v e  and a g e n e r a l i s e d  s p r e a d i n g  f u n c t i o n  a r e  
c o n s i d e r e d .  Moment e q u a t i o n s  a r e  deve loped  for  two t y p e s  of 
g e n e r a l  d e t e c t o r s ;  t h e  f i rs t  t y p e  i n c l u d e s  a r e f r a c t i v e  i n d e x  
d e t e c t o r  and a t u r b i d i t y  d e t e c t o r  w i t h  Ray le igh  s c a t t e r i n g  w h i l e  
t h e  second t y p e  i n c l u d e s  a t u b i d i t y  d e t e c t o r  w i t h  Mie s c a t t e r i n g .  
The moment e q u a t i o n s  were a p p l i e d  to t h e  a n a l y s i s  of chromatograms 
o f  na r row b w  p o l y s t y r e n e  l a t i c e s  measured  b y  s i z e  e x c l u s i o n  
chromatography.  

INTRODUCTION 

Axia l  d i s p e r s i o n  phenomenon i s  a s e r i o u s  i m p e r f e c t i o n  i n  t h e  

chromatography of p a r t i c l e  s u s p e n s i o n s .  The i n p u t  sample  W(y) i s  

d i s t o r t e d  a s  a r e s u l t ,  so t h a t  t h e  d i a m e t e r  f r e q u e n c y  d i s t r i b u t i o n  

c a l c u l a t e d  b a s e d  on t h e  m e a s u r e d  r e s p o n s e  F ( v )  may b e  

s i g n i f i c a n t l y  i n  e r r o r .  C o n s i d e r a b l e  e f f o r t  h a s  been  expended i n  

t h e  l i t e r a t u r e  to s o l v e  t h e  i n t e g r a l  e q u a t i o n  which re la tes  F ( v )  

t o  w ( Y )  . However, no s i n g l e  method o f  c a l c u l a t i n g  W(y) i s  

c o m p l e t e l y  s a t i s f a c t o r y  and by and l a r g e ,  t h e  n u n e r i c a l  t e c h n i q u e s  

pe r fo rm p o o r l y  when t h e  size d i s t r i b u t i o n  i s  complex. R a t h e r , F  

t h a n  s o l v e  for W(y) and then  t h e  s i z e  d i s t r i b u t i o n ,  o n e  migh t  t r y  

t o  t a k e  an easier  r o u t e  and s o l v e  for  t h e  moments o f  t h e  

1 
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426 HUSAIN, HAMIELEC, AND VLACHOPOULOS 

d i s t r i b u t i o n .  T h i s  problem is f o r t u n a t e l y  more t r a c t a b l e  and two 

methods  o f  s o l u t i o n  have  r e c e n t l y  been  r e p o r t e d .  

The f i r s t  method a f t e r  Hamielec and S ingh2  u t i l i s e s  b i l a t e r a l  

Laplace  t r a n s f o r m s  and r e l a t e s  t r u e  d i a m e t e r  a v e r a g e s  t o  measured 

a v e r a g e s  t h r o u g h  s i m p l e  c o r r e c t i o n  f a c t o r s .  T h e i r  s o l u t i o n s ,  

g i v e n  f o r  a g e n e r a l  d e t e c t o r  which i n c l u d e s  a r e f r a c t i v e  index  

d e t e c t o r  and a t u r b i d i t y  d e t e c t o r  w i t h  R a y l e i g h  s c a t t e r i n g ,  

a c c o u n t s  f o r  skewing  b u t  i s  r e s t r i c t e d  t o  a l i n e a r  p a r t i c l e  

d i a m e t e r -  r e t e n t i o n  v o l m e  c a l i b r a t i o n  c u r v e .  More r e c e n t l y ,  

Husain e t  a 1  p r e s e n t e d  s o l u t i o n s  which are  a p p l i c a b l e  i n  a d d i t i o n  

t o  t h e  p r e v i o u s  d e t e c t o r  t y p e s  t o  a t u r b i d i t y  d e t e c t o r  w i t h  Mie 

s c a t t e r i n g .  A unique  f e a t u r e  o f  t h i s  method i s  t h e  c a l c u l a t i o n  o f  

d i a m e t e r  a v e r a g e s  a s  a f u n c t i o n  o f  r e t e n t i o n  v o l u m e .  The  

s o l u t i o n s  were developed  far  a Gauss i an  s p r e a d i n g  f u n c t i o n  and 

b o t h  l i n e a r  and non- l inea r  c a l i b r a t i o n  c u r v e s .  

3 

The p r e s e n t  a n a l y s i s  is  a r a t h e r  g e n e r a l  one .  It c o n s i d e r s  a 

non- l inea r  c a l i b r a t i o n  c u r v e  and a g e n e r a l  s t a t i s t i c a l  shape  

f u n c t i o n  proposed  by Provder  and Rosen . The a n a l y s i s  p e r m i t s  

s i m p l e  c o r r e c t i o n  f a c t o r s  t o  b e  d e r i v e d  f o r  a t u r b i d i t y  d e t e c t o r  

w i t h  Mie s c a t t e r i n g ,  h i t h e r t o  n o t  p o s s i b l e .  C o n s i d e r  t h e  

f o l l o w i n g  development .  

4 

THEORY 

The d e t e c t o r  r e s p o n s e  F ( v )  t o  an i n p u t  sample  W(y) i s  g i v e n  

b y  t h e  i n t e g r a l  e q u a t i o n  

where G(v-y) i s  t h e  i n s t r u m e n t a l  s p r e a d i n g  f u n c t i o n .  The commonly 

used Gauss ian  s p r e a d i n g  f u n c t i o n  i s  i n a d e q u a t e  when s i n g l e  s p e c i e s  

chromatograms a r e  skewed, In t h e  f o l l o w i n g  a n a l y s i s ,  we t h e r e f o r e  

c o n s i d e r  t h e  g e n e r a l i s e d  s p r e a d i n g  f u n c t i o n  s u g g e s t e d  by  Provder  

and Rosen. It i s  g iven  a s  
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m 

G(v-y) = GO(v-y) [1 + c An H,(x)/n!I 
n-3  

where  

427 

( 2 )  

( 3 )  G ~ ( V - Y )  = ( 1  1 2 , ~ ~ )  

X = (v-y) lo (4 1 

2 1 /2 
exp[-(v-y) / 2 0 2 ~  

H ( x )  a r e  t h e  Hermite p o l y n o m i a l s  and t h e  c o e f f i c i e n t s  An a r e  

f u n c t i o n s  o f  t h e  n t h  order moments. Un o f  G(v-y) a b o u t  y .  A 

s p e c i a l  c a s e  o f  eqn .  ( 2 )  i s  c a l l e d  t h e  Edgeworth series and i s  

n 

o b t a i n e d  when A6 = 1 0  AL and A n = O  f o r  n>7. Hn(x) and  An for  n 

u p t o  6 a r e  g iven  i n  Tab le  1. The f i rs t  two c o e f f i c i e n t s  a r e  o f  

d i r e c t  s t a t i s t i c a l  s i g n i f i c a n c e  - A 3  p r o v i d e s  a n  a b s o l u t e  
s t a t i s t i c a l  measure  of skewness  w h i l e  A is a measu re  o f  t h e  

f l a t t e n i n g  or k u r t o s i s  o f  t h e  s p r e a d i n g  f u n c t i o n .  

Eqn. ( 2 )  may be r e w r i t t e n  i n  t h e  form ( t r u n c a t e d  beyond n=6)  

3 

4 

TABLE 1 

nth Order Hermite Polynomia ls  And C o e f f i c i e n t s  An 

n Hn( x )  An 

3 12 3 x 3  - 3x v3/U2 
2 2 

4 x 4  - 6x + 3 U4/U2 - 
3 5 12 3 12 

4 3 2 
5 x5  - 10 x + 1 5  x ~ 5 1 ~ 2  - ' 0  ~ 3 ~ ~ 2  

6 x6  - 15 x + 45 x2  - 15 U6/,,'2 - 15 u4/U2 + 30 
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HUSAIN, HAMIELEC, AND VLACHOPOULOS 

a O  1 + A4 /8  - A6/48 

3 a l  a. = -A /2  + A5,% 

a 2  a. = A6/16 - A4/4 

a 3  a. I A3/6 - A5/12 
a4  a. = -A6/48 + A4/24 

a5  a. = A5/120 

a6 a. = A6f720 

A n a l y t i c a l  s o l u t i o n s  o f  t h e  moment e q u a t i o n s  are  now d e v e l o p e d .  

The term a. i S  n o t  c a r r i e d  t h r o u g h  t h e  a n a l y s i s  s i n c e  it c a n c e l s  

o u t  i n  t h e  moment e x p r e s s i o n s .  Two d e t e c t o r  t y p e s  a r e  c o n s i d e r e d ,  

name1 y , 
Type 1 F ( v )  N(v) DY(v) (13) 

Type 2 F ( v )  N(v)  DY(v) K(v) (14) 

where  N(v) and K(v)  a r e  t h e  nunber  c o n c e n t r a t i o n  and e x t i n c t i o n  

c o e f f i c i e n t  o f  p a r t i c l e s  w i t h  d i a m e t e r  D ( v ) .  Type 1 r e p r e s e n t s  
b o t h  t h e  r e f r a c t i v e  i n d e x  d e t e c t o r  ( , = 3 )  a n d  t h e  t u r b i d i t y  

d e t e c t o r  s c a t t e r i n g  a c c o r d i n g  t o  Ray le igh  t h e o r y  ( ,=6).  Type 2 

i n c l u d e s  t h e  t u r b i d i t y  d e t e c t o r  s c a t t e r i n g  a c c o r d i n g  t o  Mie 

t h e o r y .  It f o l l o w s  from e q n s .  (13 )  & ( 1 4 )  and t h e  d e f i n i t i o n  of a 

moment 

w h e r e  f ( D )  i s  t h e  n o r m a l i z e d  p a r t i c l e  d iameter  f r e q u e n c y  
d i s t r i b u t i o n ,  t h a t  

-m -m 
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CHROMATOGRAPHY OF PARTICLE SUSPENSIONS 429 

Mk(c) are s i m i l a r l y  d e f i n e d  b y  r e p l a c i n g  F ( v )  by  W(y) ( s u b s c r i p t s  
u c  a n d  c d e s i g n a t e  t h e  u n c o r r e c t e d  a n d  c o r r e c t e d  o r  t r u e  

r e s p e c t i v e l y ) .  Eqns.  (16 )  and (17 )  are  o f  t h e  form 

( 2 1  

F i g i n i 5  r e c e n t l y  proposed  t h e  s o l u t i o n  of an  e q u a t i o n  s i m i l a r  to 

eqn .  (21 ) .  Rewr i t ing  it w i t h  t h e  h e l p  of e q n .  ( 1 )  y i e l d s  

where  

C o n s i d e r  a n o n l i n e a r  p a r t i c l e  d i a m e t e r - r e t e n t i o n  v o l u m e  

c a l i b r a t i o n  c u r v e  g i v e n  b y  

(24)  
2 an D ( v )  = A '  - B l v  + C'v 

The f i t  o f  e x t i n c t i o n  c o e f f i c i e n t s  K(v) c a l c u l a t e d  from Mie t h e o r y  

i s  r e p r e s e n t e d  s i m i l a r l y  by  
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4 30 HUSAIN, HAMIELEC, AND VLACHOPOULOS 

It f o l l o w s  from e q n s .  ( l 9 ) ,  ( 2 0 ) ,  (24 )  and (25 )  t h a t  

2 + k ( v )  = exp(kA - kBv + kCv ) (26) 

where 

kC - kB - kA - Detect o r  

S i n c e  i n  t h e  f i n a l  moment e q u a t i o n s ,  A ,  B and C d o  n o t  a p p e a r  

e x c e p t  a s  t h e i r  p roduc t  w i th  k ,  t h e  above  e q u a t i o n s  are  v a l i d  f o r  

a l l  k i n c l u d i n g  k=O. L e t ,  

( 2 9 )  2 -1 Pk ( 1  - 2 kC, ) 

R k  I 02Pk[(kB)2/2  - 2(kA) (kC) I  ( 3 1 )  

t h e n  t h e  s o l u t i o n  of e q n .  ( 2 3 )  is g i v e n  b y  

where t h e  c o e f f i c i e n t s  Q a r e  g i v e n  i n  Table  2. The i n t e g r a l s  

r e q u i r e d  t o  o b t a i n  t h e  above  s o l u t i o n  a r e  g iven  i n  t h e  Appendix. 

Note t h a t  when P k = l ,  Qn k ( n = 1 , . . . 6 )  v a n i s h  and Q 

n , k  

s i m p l i f i e s  t o  
1 0.k 

The upper l i m i t  i n  t h e  summation may b e  h i g h e r  i f  a d d i t i o n a l  terms 

a r e  c o n s i d e r e d  i n  t h e  shape  f u n c t i o n .  It f o l l o w s  from e q n s .  (18 ) .  

( 2 2 )  and (32 )  t h a t  
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CHROMATOGRAPHY OF PARTICLE SUSPENSIONS 4 3 1  

Consider  t h e  s i m p l i f i c a t i o n s  o f  eqn .  ( 3 4 )  f o r  e a c h  d e t e c t o r  t y p e  

Type 1, Case  A: kC=O, i . e . ,  l i n e a r  c a l i b r a t i o n  c u r v e ,  and 

g e n e r a l i z e d  s p r e a d i n g  f u n c t i o n  

S i n c e  

kC = 0 (35) 

Q o , k  i s  g i v e n  a c c o r d i n g  t o  e q n .  For a skewed s p r e a d i n g  

f u n c t i o n  where A a l o n e  is c o n s i d e r e d ,  t h i s  e q u a t i o n  y i e l d s  t h e  3 
r e s u l t s  d e r i v e d  b y  Hamielec e t  a l .  shown i n  Tab le  3 

( 3 3 ) .  

Type 1 ,  Case B: kCf0, i .e . ,  n o n - l i n e a r  c a l i b r a t i o n  c u r v e  

and Gauss i an  s p r e a d i n g  f u n c t i o n  

When t h e  s p r e a d i n g  f u n c t i o n  is G a u s s i a n .  

QO,k = Jpk 
Qn,k  0 n-1 ,  2 ... 

T h e r e f o r e  

( 3 9 )  

( 4 0 )  

I t  is obv ious  t h a t  a d i r e c t  r e l a t i o n s h i p  between t h e  kth c o r r e c t e d  

and u n c o r r e c t e d  moments i s  n o t  o b t a i n e d .  
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Type 1 ,  Case C: kCj0 i . e . ,  non- l inea r  c a l i b r a t i o n  c u r v e ,  and 

g e n e r a l i s e d  s p r e a d i n g  f u n c t i o n  

Let 

Then 

- 
S i n c e  yn i s  d e f i n e d  i n  terms o f  t h e  unknown d i s t r i b u t i o n  W(y). t h e  

p r a c t i c a l  u s e  of eqn.  (43 )  depends  upon o b t a i n i n g  a s u i t a b l e  

approx ima t ion  for yk. 

k 

- n T h i s  w i l l  be d i s c u s s e d  l a t e r .  

Type 2 ,  Case A: kC-0 i . e . ,  l i n e a r  c a l i b r a t i o n  c u r v e ,  l i nea r  
e x t i n c t i o n  c o e f f i c i e n t  f i t ,  and g e n e r a l i z e d  s p r e a d i n g  f u n c t i o n  

Eqns.  (35)-(37) a r e  a p p l i c a b l e  and hence  

It i s  s i g n i f i c a n t  t o  n o t e  t h a t  a s  i n  t h e  case o f  t h e  o t h e r  

d e t e c t o r s ,  a s imple  c o r r e c t i o n  f a c t o r  h a s  been d e r i v e d  for t h e  

t u r b i d i t y  d e t e c t o r  i n  t h e  Mie s c a t t e r i n g  regime.  A l i n e a r  

c a l i b r a t i o n  c u r v e  i s  n o t  uncommon i n  c h r o m a t o g r a p h y .  The 

c o n d i t i o n  of  a l i n e a r  e x t i n c t i o n  coeff ic ient  f i t  i s  more d i f f i c u l t  

t o  s a t i s f y ;  however i f  t h e  s p r e a d i n g  f u n c t i o n  i s  n o t  e x c e s s i v e l y  

b r o a d ,  t h i s  c o n d i t i o n  may be  approached .  R e l a t i o n s h i p s  for some 
i m p o r t a n t  d i ame te r  a v e r a g e s  are g iven  i n  Tab le  4. Note t h a t  when 

B f f = 4 B f  ( R a y l e i g h  s c a t t e r i n g ) ,  t h e  f o r m u l a e  f o r  t h e  d i a m e t e r  

a v e r a g e s  r educe  to  t h o s e  d e r i v e d  by Hamielec e t  a1 (Tab le  3 )  
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Type 2 ,  Case  B: kCf0 and Gauss i an  s p r e a d i n g  f u n c t i o n  

Eqns .  ( 3 9 )  and ( 4 0 )  a r e  a p p l i c a b l e  and h e n c e ,  

If $:(y) is approximated  a s  

where t h e  e x t i n c t i o n  coeff ic ient  i s  a s s m e d  p r o p o r t i o n a l  t o  D B ( y ) ,  

t h e n  

where 

The c h o i c e  of must b e  made c o n t i n g e n t  on t h e  v a l u e  o f  t h e  

c o n s t a n t  i n  e q n .  (49)  b e i n g  independen t  o f  k. This a l l o w s  eqn .  

( 4 5 )  t o  be s i m p l i f i e d  to  
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o r  a l t e r n a t e l y  

To a p p l y  t h i s  e q u a t i o n ,  k+gk i s  set  s u c c e s s i v e l y  e q u a l  to  0 , 1 , 2  

... and s o l v e d  f o r  k .  Using t h e  c o r r e s p o n d i n g  u n c o r r e c t e d  

moments, t h e  r a t i o s  MO(c)M ( c ) ,  M,(c)/M ( c ) ,  M2(c)/M (c)  e t c .  can  

be  c a l c u l a t e d  and hence M1(c!?, M2(c) e t c . ' s i nce  M ( c )  1 8 g g0  
-0 

Compared t o  t h e  p r e v i o u s l y  r e p o r t e d  method5, t h i s  method is 

a p p a r e n t l y  s i m p l e r .  However, i t  l a c k s  t h e  a t t r a c t i v e  f e a t u r e  o f  

t h e  p r e v i o u s  method namely, a c a l c u l a t i o n  o f  t h e  s i z e  v a r i a t i o n  

a c r o s s  t h e  chromatogram. When Rayleigh s c a t t e r i n g  t h e o r y  i s  
a p p l i c a b l e ,  is i d e n t i c a l l y  e q u a l  t o  4 .  B v v = 4 B v ,  f k  = g -0 and 

e q n .  (51) y i e l d s  t h e  fo rmulae  d e r i v e d  b y  Hamielec e t  a l .  Note 

t h a t  when Ray le igh  s c a t t e r i n g  t h e o r y  i s  n o t  a p p l i c a b l e ,  8 may 

still  b e  approximated a s  4 ;  however,  now B t t i 4 B ' ,  f k d O ,  gkfO. 

k- 

Type 2 ,  Case C: k W 0  and g e n e r a l i s e d  s p r e a d i n g  f u n c t i o n  

In acco rdance  w i t h  t h e  d e v e l o p n e n t  i n  Case B ,  one o b t a i n s  

I t  is seen from t h e  p reced ing  a n a l y s i s ,  t h a t  i t  is  o n l y  when 

kC=O t h a t  a d i r e c t  r e l a t i o n s h i p  e x i s t s  between Mk(c) and Mk(uc);  

o t h e r w i s e  ( u c )  is r e l a t e d  t o  a r a t i o  o f  t r u e  moments. In terms 

o f  a p p l i c a t i o n ,  t h i s  p r e s e n t s  however,  no d i f f i c u l t y .  
\ 
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440 HUSAIN, HAMIELEC, AND VLACHOPOULOS 

- 
n C a l c u l a t i o n  of yk and c h o i c e  of 6 - - 

n n 
When W(y) i s  na r row,  it i s  r e a s o n a b l e  t o  approx ima te  yk b y  V p  

where v i s  t h e  peak  r e t e n t i o n  volume. T h i s  i s  shown l a t e r  for  
t h e  e x p e r i m e n t a l  chromatograms o f  na r row p a r t i c l e  s t a n d a r d s .  It 

i s  c o n c e i v a b l e  t h a t  when W(y) i s  b road  and  a x i a l  d i s p e r s i o n  
r e l a t i v e l y  s m a l l ,  yk may be c a l c u l a t e d  by r e p l a c i n g  W(y) i n  eqn .  

(42 )  b y  t h e  a c t u a l  chromatogram. A l t e r n a t e l y  Yk may be  s e t  e q u a l  

t o  7 where 7 is t h e  mean r e t e n t i o n  volume based  on t h e  a c t u a l  
chromatogram. 

P 

- n - n 

n 

If Aayle igh  s c a t t e r i n g  t h e o r y  is a p p l i c a b l e  t h e n  t h e  v a l u e  of 

6 would be  i d e n t i c a l l y  e q u a l  t o  4. O the rwise  i t  i s  < 4 and  v a r i e s  

w i t h  t h e  p a r t i c l e  s i z e  r ange .  A v a l u e  i n  t h e  r a n g e  2<6<4 is 

proposed .  

The a b o v e  s u g g e s t i o n s  were e v a l u a t e d  u s i n g  s y n t h e s i z e d  

chromatograms f o r  a t u r b i d i t y  detector i n  t h e  Mie s c a t t e r i n g  

r eg ime  [ e q n s .  (51)  and (5211. E x t i n c t i o n  c o e f f i c i e n t s  were 

a d e q u a t e l y  f i t t e d  b y  t h e  f u n c t i o n ,  e q n .  ( 2 5 ) .  It was  more 
c o n v e n i e n t  t o  compare u n c o r r e c t e d  d i a m e t e r  a v e r a g e s  w i t h  t h o s e  

c a l c u l a t e d  d i r e c t l y  from F ( v ) .  The r e s u l t s  are  shown i n  T a b l e s  5 
and 6. The c a l c u l a t i o n s  of t h e  d i a m e t e r  a v e r a g e s  f o r  a s p e c i f i c  

n v a l u e  of 6 w i t h  and w i t h o u t  t h e  a p p r o x i m a t i o n  yk v n ,  were a l m o s t  

i d e n t i c a l  and a r e  n o t  shown. It i s  obse rved  t h a t  c a l c u l a t i o n s  

based  on t h e  moment e q u a t i o n  for  B = 2 ,  3 and 4 d o  n o t  d i f f e r  

s i g n i f i c a n t l y  from e a c h  o t h e r  and  a g r e e  c l o s e l y  w i t h  t h o s e  

c a l c u l a t e d  from F ( v )  d i r e c t l y .  The a s s u m p t i o n  o f  Pk = 1 [ e q n s .  

( 5 1 )  and  ( 5 2 )  r e d u c e  t o  e q n .  ( 4 4 ) l  l e a d s  t o  s i g n i f i c a n t l y  

e r r o n e o u s  r e s u l t s  even  though  t h e  a c t u a l  v a l u e  o f  Pk is  o n l y  

s l i g h t l y  d i f f e r e n t  from u n i t y .  In  o t h e r  c a s e  s t u d i e s  made where a 

Pk v a l u e  a s  h i g h  as 1.2 was u s e d ,  t h e  above  a p p r o x i m a t i o n s  were 
found to be e q u a l l y  v a l i d .  

- 

A p p l i c a t i o n  of some of t h e  e q u a t i o n s  d e r i v e d  i n  t h i s  s e c t i o n  

a r e  now demons t r a t ed  f o r  e x p e r i m e n t a l  chromatograms of na r row 

d i s t r i b u t i o n  p o l y s t y r e n e  l a t ices .  It i s  a p p r o p r i a t e  to  ment ion  

h e r e  t h a t  though t h e  s p r e a d i n g  f u n c t i o n  p a r a m e t e r s  were c o n s i d e r e d  
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independent o f  r e t e n t i o n  volune i n  d e r i v i n g  s o l u t i o n s  t o  t h e  

i n t e g r a l  equat ion ,  i n  p r a c t i c e  t h e y  a r e  s lowly vary ing  f u n c t i o n s .  
When a p p l y i n g  t h e s e  e q u a t i o n s  t o  e x p e r i m e n t a l  c h r o m a t o g r a m s ,  

however, e r r o r  r e s u l t i n g  from use o f  c o n s t a n t  average parameter 

v a l u e s  i s  not l i k e l y  t o  be s i g n i f i c a n t .  

APPLICATION TO EXPERIMENTAL CHROMATOGRAMS 

Fig.  7 shows t h e  chromatograms f o r  t h e  85, 109, 176 and 220 

nm p o l y s t y r e n e  l a t i c e s .  The c a l i b r a t i o n  d a t a  and measured  

var iances  a r e  shown i n  Table 7 .  

retention vol 

Figure  1: Chromatograms of narrow d i s t r i b u t i o n  polys tyrene  l a t i c e s .  
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TABLE 7 

C a l i b r a t i o n  Data and Measured Variances 

~~ ~~ ~~~ ~ 

Sample 85 109 176 220 
Peak Retention Volune2(mk) 21.02 19.70 17.00 15.35 
Measured Variance ( m a  ) 5.15 5.59 5.37 3.58 

The uncorrected diameter  averages  a r e  g iven  i n  Table 8. For t h e  

smal le r  diameter  l a t i c e s  c a l c u l a t i o n s  based on Mie and Rayleigh 

t h e o r i e s ,  p a r t i c u l a r l y  f o r  t h e  lower diameter  averages  do n o t  

d i f f e r  c o n s i d e r a b l y  from e a c h  o t h e r .  Observe  t h a t  a x i a l  

d i s p e r s i o n  c o r r e c t i o n s  would have t o  be v e r y  s i g n i f i c a n t  f o r  t h e s e  

d a t a .  Applicat ion of  Rayleigh c o r r e c t i o n  f a c t o r s  is now shown. 

TABLE 8 

Uncorrected Diameter Averages Calculated from Rayleigh 

and Mie Theories  

Row 1 Calculated from Rayleigh t h e o r y  

Row 2 Calculated from Mie theory  

Sample Dn D" D t  

85 33.2 
34.1 

109 35.7 
37.3 

176 46.4 
51.2 

220 89.3 
104.9 

35.1 
36.5 

38.0 
40.3 

49.8 
57.1 

94.1 
113.1 

37.5 
39.5 

41.0 
44.3 

54.5 
65.0 

100.0 
122.3 

42.8 50.6 
46.3 56.5 

47.5 57.6 
53.6 67.8 

65.2 83.0 
84.4 111.4 

112.8 130.3 
143.2 166.3 

60.1 
68.4 

70.2 
83.8 

104.0 
135.0 

149.9 
186.3 
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446 HUSAIN, HAMIELEC, AND VLACKOPOULOS 

A .  Appl icat ion of  Rayleigh Correct ion Fac tors  

The r e l a t i o n s h i p  between t h e  cor rec ted  and t h e  uncorrected 

moment i s  given b y  

Considering only  t h e  c o e f f i c i e n t s  A 3  and A and s e t t i n g  4 

E l  = (B’ o) j  A3/6 

E 2  = ( B ’  ,,) A4/24 
4 

(53) 

(54)  

t h e  following r e l a t i o n s h i p s  can be der ived .  

’’/’’ 1+64 + 256,:! 1 /2 

) (56)  El ’O’” l+216 + 1 2 9 ~ 5 , ~  [ D , ( C )  /Dn(uc)l  

Ds(c) /Ds(uc) = (1+125,1+ 625E2 ) (1+216, 1+1296,2 
El 

1 13 g / l l  1+27 + 81E2 TDn(c) /Dn(uc)19/”  1+216 + 1296E2 

DV(c) /Dv(uc) = (1+125E1+ 625,2 ) (1+216,1+ 1296E2 ) (57)  E l  € 1  

I f  both A and A 4  a r e  non-zero then eqns.  (56)  and (57) a r e  solved 
2 f o r  El 

i s  est imated from eqn.  ( 5 5 ) .  If A 4  i s  considered zero then  only 

eqns.  ( 5 5 )  and (56)  need be solved.  Calcu la t ion  resul ts  a r e  shown 

in Table 9. It is obvious from t h e s e  resul ts  t h a t  t h e  parameter 

A could not  

be t e s t e d  due  t o  a d i f f i c u l t y  i n  so lv ing  t h e  a d d i t i o n a l  equat ions .  

However, t h e  c a l c u l a t e d  r e s u l t s  wi th  t h e  two shape parameters  a r e  

q u i t e  s a t i s f a c t o r y .  An a l t e r n a t e  scheme t o  c a l c u l a t e  ,,2 and An 

from t h e  moment e q u a t i o n s  i s  developed l a t e r  and does not have t h e  
p r e s e n t  d i f f i c u l t y  . 

3 
and E 2  using a non-linear a l g e b r a i c  equat ions  so lver  and 

and A 4  a r e  s i g n i f i c a n t ;  t h e  s i g n i f i c a n c e  o f  A5 and A 3 6 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
8
:
4
4
 
2
4
 
J
a
n
u
a
r
y
 
2
0
1
1



CHROMATOGRAPHY OF PARTICLE SUSPENSIONS 447 

TABLE 9 

Diameter Averages of  Latices Measured a t  254 nm - Applicat ion 

of  Rayleigh Correct ion F a c t o r s  

Sample 2 A  3 A 4  Dn DS DV Ds s DW Dt 

85 3.67 1.944 0. 85.2 84.7 83.9 82.3 79.1 77.1 
5.12 1.812 -2.134 85.2 86.4 87.1 88.5 86.7 82.2 

109 4.51 1.919 0. 108.7 108.1 107.1 105.2 100.5 95.8 
5.90 1.896 -1.975 108.7 109.7 110.3 111.7 109.3 101.8 

176 5.75 1.603 0. 175.6 173.8 172.6 170.3 164.4 152.9 
6.87 1.719 -1.467 175.6 175.2 175.9 177.2 175.5 160.6 

220 3.13 3.629 0. 220.2 221.6 221.5 %21.2 209.5 194.6 
4.15 3.277 -3.429 220.2 223.2 225.3 229.5 222.3 203.4 

B. Applicat ion o f  Mie Correct ion Fac tors  

The p e r t i n e n t  equat ion  t o  be solved i s  

Cons ide r  now how each o f  t h e  terms i n  t h e  above equat ion  i s  

eva lua ted .  Two c a s e s  a r e  t r e a t e d .  In t h e  f i r s t  c a s e ,  t h e  

p a r a m e t e r s  o f  t h e  s p r e a d i n g  f u n c t i o n  were o b t a i n e d  by  t h e  

numerical recovery  o f  C(v-y) from eqn. ( 1 )  using t h e  frequency 

d i s t r i b u t i o n  d a t a  o f  t h e  l a t i c e s 6  a s  measured  b y  e l e c t r o n  

microscopy. I n  the  second c a s e ,  t h e  parameters  were considered a s  

v a r i a b l e s  a s  i n  t h e  a p p l i c a t i o n  of  Rayleigh c o r r e c t i o n  f a c t o r s  and 

t h e i r  va lues  were obtained by so lv ing  eqn. ( 5 2 ) .  
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TABLE 10 

E s t i m a t i o n  of y i  ( t h e  r ange  c o r r e s p o n d s  t o  k=O t o  24) 

- 

85 nm 109 nm 176 nm 220 nm 

n= 1 - 
Eqn .42 20.9-20.6 19.5-1 9.4 1 6.7-1 6.6 15.4-15.3 

V" 21 .o 19.7 17.0 15.4 P 
n = 6  

Eqn.42 8 . 5 2 - 7 . 6 6 ~ 1 0 ~  5 . 5 0 - 5 . 2 9 ~ 1 0 ~  2.16-2. 13x107 1 . 3 2 - 1 . 2 8 ~ 1 0 ~  

- 

n 8 . 6 3 ~ 1 0 ~  5 . 8 5 ~  l o 7  2 . 4 1 ~  1 O7 1 . 3 1 ~ 1 0 ~  vP 

- 
n It was e a r l i e r  s t a t e d  t h a t  when W(y) i s  n a r r o w ,  yk may b e  

approximated  by v where v i s  t h e  peak e l u t i o n  v o l u n e .  Tab le  10 

compares  y: c a l c u l a t e d  r i g o r o u s l y  a c c o r d i n g  t o  e q n .  (42) ( u s i n g  

e l e c t r o n  microscopy f r e q u e n c y  d a t a )  w i t h  i t s  a p p r o x i m a t i o n  v 

E x c e l l e n t  agreement  i s  o b s e r v e d .  yn i s  e s s e n t i a l l y  i n d e p e n d e n t  o f  

k. 

n 
P P - 

n 
- P' 
k 

As p r e v i o u s l y  d i s c u s s e d  t h e  c h o i c e  o f  m u s t  b e  made  

c o n t i n g e n t  on t h e  v a l u e  of t h e  c o n s t a n t  i n  eqn .  ( 4 9 )  b e i n g  

independen t  of k .  Table  11 i n d i c a t e s  t h a t  8 v a l u e s  i n  t h e  r a n g e  

0.75-4.25 a r e  a d e q u a t e .  The c a l c u l a t i o n s  were done  u s i n g  t h e  
e l e c t r o n  mic roscopy  f r e q u e n c y  d a t a .  

E s t i m a t i o n  of t h e  Value o f  t h e  C o n s t a n t  i n  Eqn. (49) 
(Range Cor re sponds  t o  k=O t o  6 )  

85 nm 109 nrn 176 nm 220 nm 

~ " 0 . 7 5  2.83- 2.80 2.89- 2.88 2.27- 2.27 1.61- 1.61 
~ ' 4 . 2 5  68.90-69.50 124.4 -124.7 112.1 -112.2 20.6 - 20.6 
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TABLE 12 

Diameter Averages o f  L a t i c e s  Measured a t  
254 nm - Applicat ion o f  Mie Correct ion Fac tors  

(ROW 1 8-2, ROW 2 8=3,  ROW 3 8=4)  

Sample Dn DS DV Ds s DW D t  

86.2 83.7 81.9 78.4 77.2 77.0 

83.8 81.8 80.4 77.7 76.9 76.9 
a5 85.0 82.7 81.1 78.0 77.0 76.9 

108.6 104.2 101.1 95.2 93.1 92.6 
109 106.2 102.3 99.6 94.5 92.9 92.5 

104.1 100.7 98.4 94.0 92.7 92.4 

The Edgeworth s e r i e s  provides  among t h e  f o u r  samples ,  t h e  

b e s t  r e p r e s e n t a t i o n  o f  t h e  spreading func t ion  (obtained by so lv ing  

eqn.  ( 1 ) )  f o r  t h e  85 and 109 nm samples. The results o f  apply ing  

eqn. ( 5 2 )  t o  t h e s e  two samples a r e  shown i n  Table 12. A s  

expec ted ,  t h e  c a l c u l a t i o n s  a r e  i n s e n s i t i v e  t o  t h e  v a l u e  of  5 

chosen. For 8=2,  t h e  nmber  average diameter  f o r  both samples a r e  

remarkably on t a r g e t ;  however t h e  h igher  diameter  averages  a r e  

s l i g h t l y  lower. Note t h a t  t h e s e  c a l c u l a t i o n s  a r e  based on 

parameters  which have been es t imated  independent ly  of t h e  moment. 

e q u a t i o n s ;  no atempt has been made t o  f o r c e  the  d a t a  f i t  u n l i k e  i n  

t h e  c a s e  o f  t h e  a p p l i c a t i o n  o f  Rayleigh c o r r e c t i o n  f a c t o r s .  

Two probable causes  o f  e r r o r  i n  t h e  a n a l y s i s  a r e  1 )  t h e  

Edgeworth series does n o t  adequate ly  d e s c r i b e  t h e  t a i l  ends o f  t h e  

spreading func t ion .  Considerat ion o f  c o e f f i c i e n t s  A n>6 when 

kCf0, i s  i m p r a c t i c a l  d u e  t o  t h e  complexi ty  i n  d e r i v i n g  t h e  

c o e f f i c i e n t s  Q 2 )  E r r o r  results from t h e  use  o f  + and - 
i n t e g r a t i o n  l i m i t s  i n  t h e  a n a l y s i s  when i n  r e a l i t y  a s p e c i e s  of 
mean r e t e n t i o n  volune y i s  d ispersed  between f i n i t e  r e t e n t i o n  

volume limits. The e f f e c t  o f  t h i s  was i n v e s t i g a t e d  on t h e  

s o l u t i o n  of  eqn. ( 2 3 ) .  The r a t i o  

n '  

n ,k' 
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b k-2 
1 k-2 

= j D ( v )  K- ( v )  G(v-Y) d v / j  D ( v )  K-’(v) G ( V - Y )  dv (58)  
-m a 

i s  c a l c u l a t e d  where a and b a r e  t h e  a c t u a l  r e t e n t i o n  volune  

l i m i t s .  The r e s u l t s  a r e  shown i n  Table 13. I t  i s  e v i d e n t  t h a t  

s i g n i f i c a n t  e r r o r  occurs  f o r  k=O and 1 and t h a t  beyond k=6. t h e  

r e s u l t s  become r a p i d l y  non-sensical .  

It i s  l i k e l y  t h a t  a good e s t i m a t i o n  of  t h e  lower diameter  

averages  r e s u l t s  from t h e  mutua l ly  compensating e f f e c t s  o f  e r r o r s  

1 and 2. For t h e  higher  diameter  a v e r a g e s ,  e r r o r  1 a l o n e  i s  t h e  

probable  cause.  

Consider now t h e  second case where t h e  parameters  o f  t h e  

s p r e a d i n g  f u n c t i o n s  a r e  c a l c u l a t e d  d i r e c t l y  f rom t h e  moment 

e q u a t i o n s .  The summation terms i n  eqn.  (52 )  a r e  l i n e a r  i n  t h e  

c o e f f i c i e n t s  A n .  
2 .  I f  t h e r e f o r e  a va lue  of is assuned ,  t h e  term 

TABLE 13 

Est imat ion o f  [Eqn. ( 5 8 ) l  

85 nm sample 109 nm sample 176 nm sample 220 nm sample 
k a-15.8 bz3O.0 aZ15.1 bz29.2 a ~ 1 3 . 0  bz27.0 a ~ 1 2 . 8  b=23.2 

y=21.7 ~ ~ 2 0 . 7  y=18.3 ~ ~ 1 6 . 4  

0 
1 
2 
3 
4 
5 
6 

10 
15 

0.69 
0.85 
0.94 
0.98 
0.99 
1.00 
1.00 
0.45 
4.7.1 0-4 

0.54 
0.75 
0.89 
0.97 
0.99 
1 * 00 
1.00 
0.47 
4.7.1 0-5 

0.51 
0.71 
0.88 
0.96 
0.99 
1.00 
1.00 
0.06 
1.5.1 0-5 

0.83 
0.92 
0.97 
0.99 
1.00 
1.01 
1.02 
0.25 
5.6.1 0-4 
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can  b e  e v a l u a t e d  and hence  A o b t a i n e d  by s o l v i n g  a set o f  

s i m u l t a n e o u s  l i n e a r  e q u a t i o n s .  Convergence o c c u r s  when t h e  sum o f  

s q u a r e s ,  o f  t h e  d e v i a t i o n s  of t h e  c a l c u l a t e d  d i a m e t e r  a v e r a g e s  

from t h e i r  known t r u e  v a l u e s ,  a t t a i n s  a minimum. When A a l o n e  i s  

c o n s i d e r e d ,  o n l y  one  e q u a t i o n  i s  s o l v e d  u s i n g  a v a l u e  o f  k 

c o r r e s p o n d i n g  t o  k+gk=O. T h e r e a f t e r  e a c h  a d d i t i o n a l  pa rame te r  

r e q u i r e s  a d d i t i o n a l  e q u a t i o n s  c o r r e s p o n d i n g  ka k+gk = 1. 2 ... 
e t c .  Tne c a l c u l a t i o n  r e s u l t s  a r e  shown i n  Table  1 4  for a l l  f o u r  

s a m p l e s  i n d i c a t i n g  e x c e l l e n t  a g r e e m e n t  w i t h  a c t u a l  d i a m e t e r  

a v e r a g e s  o f  t h e  s a m p l e s .  No te  t h a t  t h e  p a r a m e t e r  v a l u e s  

c a l c u l a t e d  d i f f e r  s i g n i f i c a n t l y  from t h e  a c t u a l  v a r i a n c e ,  skewness  

and k u r t o s i s  ( b r a c k e t t e d  q u a n t i t i e s  i n  Tab le  1 4 )  o b t a i n e d  b y  t h e  

n u m e r i c a l  r e c o v e r y  o f  G(v-y) from eqn.  ( 1 ) .  

n 

3 

DISCUSS I O N  

In t h e  p r e c e d i n g  a n a l y s i s ,  e x t i n c t i o n  c o e f f i c i e n t s  based  

e i t h e r  on Ray le igh  o r  Mie t h e o r y  were used  even  though  t h e y  d i f f e r  

from t h e  a c t u a l  measured c o e f f i c i e n t s  . The d i s c r e p a n c y  between 

t h e  measured  e x t i n c t i o n  c o e f f i c i e n t s  and t h o s e  b a s e d  on t h e o r y  

w i l l  t h e r e f o r e  b e  r e f l e c t e d  i n  t h e  v a l u e s  o f  t h e  s p r e a d i n g  

f u n c t i o n  p a r a m e t e r s .  The p u r p o s e  o f  t h e  a n a l y s i s  was  t o  
d e m o n s t r a t e  t h e  c a p a b i l i t y  of t h e  t h e o r y  t o  p r e d i c t  w i t h  a good 

d e g r e e  of a c c u r a c y ,  t h e  d i a m e t e r  a v e r a g e s  from t h e  chromatograms 

of na r row d i s t r i b u t i o n  l a t i c e s .  S i n c e  c a l c u l a t e d  e x t i n c t i o n  

c o e f f i c i e n t s  d i s p l a y  t h e  same t r e n d  a s  t h e  measured  ones, i t  i s  

i m m a t e r i a l  whether t h e  a c t u a l  c o e f f i c i e n t s  were used or n o t .  It 

m i g h t  b e  t e m p t i n g  t h e r e f o r e  t o  c o n c l u d e  t h a t  t h e  s i m p l e r  Ray le igh  

c o r r e c t i o n  f a c t o r s  b e  a lways  used in p r e f e r e n c e  t o  t h e  more 

c o m p l e x  Mie c o r r e c t i o n  f a c t o r s .  However ,  i n  a p r a c t i c a l  

s i t u a t i o n ,  t h e  pu rpose  o f  a n a l y s i n g  na r row d i s t r i b u t i o n  s t a n d a r d s  

i s  t o  y i e l d  s p r e a d i n g  f u n c t i o n  p a r a m e t e r s  t o  b e  u s e d  a s  
c a l i b r a t i o n  c o n s t a n t s  f o r  t h e  a n a l y s i s  o f  unknown p o l y d i s p e r s e  

samples .  The s u c c e s s  o f  t h e i r  s i z e  measurement  w i l l  depend i n  

g e n e r a l  on whether or n o t  t h e  t h e o r e t i c a l  v a l u e s  of t h e  e x t i n c t i o n  

c o e f f i c i e n t s  a g r e e  w i t h  e x p e r i m e n t a l  v a l u e s .  

7 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
8
:
4
4
 
2
4
 
J
a
n
u
a
r
y
 
2
0
1
1



TA
BL

E 
14

 

D
ia

m
et

er
 

A
ve

ra
ge

s 
of

 
L

at
ic

es
 M

ea
su

re
d 

a
t 

25
4 

nm
 
- 

A
pp

li
ca

ti
on

 o
f 

M
ie 

C
or

re
ct

io
n 

F
ac

to
rs

 (
8

~
2

) 

A 
3 

A
4 

A
5 

A
6 

Dn
 

Ds
 

DV
 

D
ss

 
Dw
 

D
t 

2 
Sa

m
pl

e 

3.
2 

4.
72

 
0 

0 
o 

86
.4

 
87

.1
 

86
.9

 
86

.3
 

82
.5

 
83

.4
 

4.
2 

2.
50

 
-2

.1
5 

0 
0 

85
.2

 
85

.2
 

84
.6

 
83

.6
 

81
.1

 
82

.0
 

5.
4 

1
-8

4
 

-3
.5

1 
2.

12
 

o 
85

.2
 

85
.4

 
85

.2
 

84
.9

 
83

.0
 

83
.9

 
85

 

8.
5 

0.
44

 
-2

.5
3 

4.
16

 
-2

.4
7 

85
.2

 
85

.4
 

85
.5

 
85

.9
 

84
.9

 
85

.1
 

(5
.1

3)
 

(0
.3

96
)(

-0
.0

99
) 

4.
0 

4.
99

 
0 

0 
0 

11
1.

0 
11

2.
0 

11
2.

0 
11

2.
0 

10
5.

0 
x
. 

10
8.

0 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
8
:
4
4
 
2
4
 
J
a
n
u
a
r
y
 
2
0
1
1



10
9 

5.
0 

2.
61

 
-1

.9
6 

0 
0 

10
9.

0 
10

8.
0 

10
7.

0 
10

5.
0 

10
1.

0 
10

3.
0 

6.
7 

1.
76

 
-3

.3
4 

2.
0 

0 
10

9.
0 

10
9.

0 
10

8.
0 

10
7.

0 
10

3.
0 

10
8.

0 
(5

.6
2)

 
(0

.5
09

)(
-0

-0
13

7)
 

5.
2 

3.
86

 
0 

0 
0 

18
0.

0 
18

1.
0 

17
8.

0 
17

3.
0 

16
0.

0 
18

6.
0 

6.
0 

2.
53

 
-1

.4
3 

0 
0 

17
6.

0 
17

5.
0 

17
2.

0 
16

6.
0 

15
7.

0 
18

1.
0 

17
6 

(5
.3

4)
 

(0
.7

37
) 

(0
.4

83
) 

2.
7 

6.
61

 
0 

0 
0 

22
1.

0 
21

8.
0 

21
2.

0 
20

0.
0 

19
4.

0 
22

8.
0 

5.
1 

1.
70

 
-2

.2
1 

0 
0 

22
0.

0 
21

7.
0 

21
2.

0 
20

2.
0 

19
4.

0 
22

0.
0 

22
0 

(3
.5

8)
 

(0
.7

16
) 

(0
.0

93
) 

B
ra

ck
et

te
d 

nu
m

be
rs

 r
ep

re
se

n
t 

ac
tu

al
 v

ar
ia

n
ce

, 
sk

ew
ne

ss
 a

nd
 k

u
rt

o
si

s.
 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
8
:
4
4
 
2
4
 
J
a
n
u
a
r
y
 
2
0
1
1



454 HUSAIN, HAMIELEC, AND VLACHOPOULOS 

The r a n g e  of r i g o r o u s  v a l i d i t y  of R a y l e i g h  t h e o r y  i s  v e r y  

s m a l l .  Hellera a s s e s s e d  i t s  more i m p o r t a n t  r a n g e  o f  p r a c t i c a l  

v a l i d i t y  us ing  Mie d a t a  a s  a r e f e r e n c e .  His r e s u l t s  a r e  shown i n  

Table  15 where b a ,  t h e  p e r c e n t  d e v i a t i o n  i s  d e f i n e d  a s  

where a = n D / X .  A i s  t h e  wave leng th  o f  l i g h t  i n  t h e  medium. 

Tab le  15 i n d i c a t e s  t h a t  when m - 1.26 ( t h e  v a l u e  used f o r  

p o l y s t y r e n e  l a t i c e s  i n  w a t e r  a t  254 n m ) ,  R a y l e i g h  t h e o r y  

unde r -e s t ima tes  t h e  p a r t i c l e  d i a m e t e r  b y  more than  10% f o r  a 

( = n D / X )  e q u a l  t o  1.2. T h i s  i m p l i e s  t h a t  f o r  p a r t i c l e s  l a r g e r  t h a n  

- 80 nm e r r o r  i n  excess o f  10% c o u l d  b e  expec ted  for a t u r b i d i t y  

measurement a t  25Q nm. However, compar ison  o f  t h e  u n c o r r e c t e d  

d i a m e t e r  a v e r a g e s  i n  Tab le  8 i n d i c a t e  t h a t  t h e  upper  d i a m e t e r  

l i m i t  c o r r e s p o n d i n g  t o  > 10% e r r o r  may b e  much h i g h e r  depend ing  

upon t h e  a v e r a g e  d i a m e t e r  c o n s i d e r e d .  I n  a n y  g i v e n  

s i t u a t i o n ,  it would b e  e x t r e m e l y  u s e f u l  t o  map o u t  a r e g i o n  wel l  

TABLE 15 

P e r c e n t  d e v i a t i o n  A a 

m* 0.2 0.4 0.6 0.8 1.0 1.2 

1.00 -0.55 
1.05 -0.40 
1.10 -0.40 
1.15 -0.35 
1.20 -0.25 
1.25 -0.20 
1.30 -0.15 
1.33 -0.15 

-2.1 
-1.8 
-1.6 
-1.3 
-1.1 
-0.8 
-0.6 
-0.5 

-4.6 
-4.1 
-3.6 

-2.5 
-2.0 
-1.5 
-1.4 

-3.0 

-8.0 
-7.2 
-6.4 
-5.5 
-4.9 
-4.0 
-3.2 
-2. a5 

... -11.9 
-10.9 ... 

-9.9 .I. 

-8.9 -1 3.0 
-7.9 -12.0 
-6.9 -11.0 
-5.8 -10.0 
-5.2 -9.4 

*m r a t i o  o f  r e f r a c t i v e  index  o f  p a r t i c l e  t o  t h e  r e f r ac t ive  i n d e x  
of t h e  medium 
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CHROMATOGRAPHY OF PARTICLE SUSPENSIONS 455 

beyond t h e  r i g o r o u s  v a l i d i t y  of  Rayleigh t h e o r y ,  where e r r o r s  

r e s u l t i n g  from i t s  a p p l i c a t i o n  a r e  acceptab le .  

I n  g e n e r a l ,  l a t i c e s  a r e  expected t o  be 'unc lean '  and a l s o  

e r r o r s  i n  t u b i d i t y  measurement may e x i s t .  I f  a l a r g e  n m b e r  o f  

narrow d i s t r i b u t i o n  s t a n d a r d s  a r e  a v a i l a b l e ,  then t h e i r  e x t i n c t i o n  

c o e f f i c i e n t s  may be  measured t o  span t h e  complete range O f  

d iameters .  However, i n  a s i t u a t i o n  where t h e  nunber o f  s t a n d a r d s  

a r e  l i m i t e d ,  Mie theory  may be appl ied  t o  search  f o r  an imaginary 

p a r t  o f  t h e  complex r e f r a c t i v e  index of  t h e  p a r t i c l e  which bes t  

d e s c r i b e s  t h e  measured d a t a  . This  v a l u e  can then  be used  t o  

c a l c u l a t e  t h e  e x t i n c t i o n  c o e f f i c i e n t s  over t h e  d e s i r e d  diameter  

range.  

9 

CONCLUSIONS 

A very  genera l  a n a l y t i c a l  s o l u t i o n  t o  t h e  i n t e g r a l  equat ion  

has  been der ived which enables  t h e  diameter  averages obtained from 

t h e  chromatographic response o f  a v a r i e t y  o f  d e t e c t o r s  t o  be  

s u i t a b l y  c o r r e c t e d  f o r  a x i a l  d i s p e r s i o n .  The t h e o r e t i c a l  

t rea tment  developed here-in should f i n d  e x t e n s i v e  a p p l i c a t i o n  i n  
a l l  f o r m s  o f  p a r t i c l e  c h r o m a t o g r a p h y  - s i z e  e x c l u s i o n  

c h r o m a t o g r a p h y  , hydrodynamic c h r o m a t o g r a p h y  , c a  p i l l a r  y 

chromatography and f i e l d  flow f r a c t i o n a t i o n .  

REFE RE NCE S 

1. 

2. 

3. 

4. 

5 .  

6. 

F r i i s  N . ,  Hamielec A . E . ,  Advances i n  Chromatography. 3, 41, 
1975 

Hamielec, A.E . ,  Singh S., J. Liquid Chromatography. 1 (21, 
187, 1978. 

Husain, A., Vlachopoulos, J., Hamielec, A.E., J.  Liquid 
Chromatography, 2 (2 ) ,  193. 1979 

Rosen, M.E., Provder, T . ,  Separa t ion  Sc ience ,  2 ( 4 1 ,  485, 
1970 

F i g i n i  V . R . ,  Polymer B u l l e t i n ,  1, 619, 1979 

Husain A . ,  Hamielec, A.E., Vlachopoulos, J . ,  Submitted t o  J. 
Liquid Chromatography 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
8
:
4
4
 
2
4
 
J
a
n
u
a
r
y
 
2
0
1
1



456 

7. 

8. 

9. 

D 

Dn 

DS 

Dss 
Dt 
DV 

Dw 
f ( D )  

F( v) 

C 
K 

Mk 
N 

v .Y 
W ( Y )  

HUSAIN, HAMIELEC, AND VLACHOPOULOS 

Husain, A . ,  Hamielec A . E . ,  Vlachopoulos, J . ,  To be  published 
i n  ACS Symposium Proceedings,  Washington, September (1979) 

Heller W . ,  J. Chemical Phys ics ,  42, 5 ,  1609, 1965 

Nagy D.J., Ph.D D i s s e r t a t i o n ,  Lehigh U., 1979 

NOMENCLATURE 

Par t ic1 e d i m e  ter 
Number average diameter  [ =  

Surface average d iameter  [ =  M 
S p e c i f i c  sur face  average diameter  [ =  M A4 I 
Turb id i ty  average d iameter  [ =  ( M 6 / M 3 )  1 ?312 

3 
Volune average diameter  I =  M 

Weight average diameter  [ =  M 4 / M 3 1  
Normalized p a r t i c l e  d i a m e t e r  f r e q u e n c y  d i s t r i b u t i o n  

func t ion  

Measured chromatogram 

Instrwnental  spreading func t ion  
E x t i n c t i o n  c o e f f i c i e n t  

k th  moment o f  f(D) 

Number concent ra t ion  o f  p a r t i c l e s  

Retention volume 

True chromatogram 

"1'1 /2] 
2 

f 13, 

APPENDIX 

Solu t ion  of Equation (23)  

Consider t h e  s o l u t i o n  o f  t h e  i n t e g r a l  

m 

Ja = exp(-p x2  + 2qx) xa dx 
-m 

(A .  1 )  

Let 
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Then 

457 

m 
2 q  Y 

2 
- lp) I exp(-y ) ( -  + -=la d y  + 

J p  0 * JP 

m a 
I exp(-y2) ($ - li_) dy ( A . 3 )  
0 4: 

To s o l v e  t h e  i n t e g r a l s  i n  A . 3  we r e q u i r e  t h e  f o l l o w i n g  i n t e g r a l  

( A . 4 )  2 r[ ( m + l )  Dl m rn I = I x exp(-b x )dx  = 
0 2b(m+1)/2 

where t h e  gamma f u n c t i o n  i n  t h e  numera tor  is d e f i n e d  a s  

1.3.5.. . .(2m-1) ,; m = 1 , 2 , 3  ... 1 r(m+T) = 
2m 

The s o l u t i o n s  of e q u a t i o n  ( A . 3 )  f o r  a = l  ... 6 are  g i v e n  b y  

( A . 1 0 )  
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( A . 1 1 )  = q3 15 9 
4 

4 p 3  

2 
J = J ( R )  e x p ( 9  )[(9) + 5 - + -- 1 

P 5 P  P P  

2 6 4 2 
J6  = J(4) e x p ( 9  ) [  (9) + 15 I! + 5 I! + - l 5  - ’ 1 ( A . 1 2 )  

P P P  2 p5 4 p4 a p3 
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